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\S 1. Introduction
In this article we study and develop a theory of curves of constant angle
of double type. First we summarize the theory of those curves of single type
and twin type. Next, we shall give double type theory as a generalization
and study the extremal values of various geometric functionals. A duality
in those curves will also be treated in the double type theory. Professor
Shigetake Matsuura first developed the theory of curves of constant angle of
single and convex type for several years (see $[1]\sim[17]$ ). It had a very simple
intuitive meaning. He, however, introduced the concept of the admissible
curves and developed the theory of single and twin type. The duality is
now complete in curves of these types.
But twin type theory suggests that there is room to develop more
general complete theory of curves of constant angle. Thus we realize the
generalization in the form of double type theory. It includes the theory of
single and twin type.
Our main purposes are to investigate the interelations of these geo-
metric quantities and to obtain their extremal values. Our main tools are
the theory of distributions of L.Schwartz, Fourier series in $L^{2}$ apace and
geometrical inequalities. Further, the method of linearization is extensively
exploited. To obtain the concrete extremal values, the construction of ex-
tremelizing sequence of generators is important.
According to the lack of space, we should omit to give proofs of almost
all results.
\S 2. Preliminaries
\S 2.1. Admissible curve
We consider the director circle $C$ in $R^{2}$ , whose center is the origin and
the radius is the unity 1. Let $\Lambda$ be a curve inside the circle $C$ . Since we




supporting lines to convex curves, we introduce generalized tangent lines to
admissible curves defined below.
Definiton 2.1.1. Let $T$ be one dimensional torus $R/2\pi$Z. An admis-
sible curve is a curve $\Lambda$ which satisfies the following three conditions:
(i) A is a closed continuous curve parametrized by $\theta\in T$ ,
$\{y=y(\theta)x=x(\theta)$
(ii) $\Lambda$ is a rectifiable curve. i.e. for any partion $\triangle$ of $[0,2\pi]$ ,
$\triangle$ : $0=\theta_{o}<\theta_{1}<\ldots<\theta_{N}=2\pi$ ,
the length of a polygonal line with respect to $\triangle$ ,
$|L|( \Lambda_{\triangle})=\sum_{j=1}^{N}\sqrt{(x(\theta_{j})-x(\theta_{j-1}))^{2}+(y(\theta_{j})-y(\theta_{j-1}))^{2}}$ (2.1.1)
is bounded when $\triangle$ runs over all partitions, the length of $\Lambda$ is defined by
$|L|[ \Lambda]=\sup_{\triangle}|L|[\Lambda_{\triangle}]$ . (2.1.2)
(iii) For every fixed $\theta$ , consider the straight line $l_{\theta}$ , the equation of
which takes the form
$l_{\theta}$ : $x\cos\theta+y\sin\theta=p(\theta)$ . (2.1.3)
Lemma 2.1.2. $\Lambda$ is a rectifiable curve. $\Leftrightarrow x(\theta),$ $y(\theta)$ are of bounded
variation.
\S 2.2. Non-convex curves and its generators
In general, we shall need to consider non-convex curves. Denote a gen-




Since $x(\theta),$ $y(\theta)$ are of bounded variation, $\dot{x}(\theta),\dot{y}(\theta)$ are Radon measures.
The above equality shows that $p(\theta)$ is continuous in $\theta$ . Thus we get
$p(\theta)=-x(\theta)\sin\theta+y(\theta)\cos\theta+[\dot{x}(\theta)\cos\theta+\dot{y}(\theta)\sin\theta]$ .
Since the derivatives $\dot{x}(\theta),\dot{y}(\theta)$ are taken in the sense of $D’(T)$ , we have
$\dot{x}(\theta)\cos\theta+\dot{y}(\theta)\sin\theta=0$ in an open neighbourhood of the fixed value $\theta_{0}$ .
Thus, we get
$\dot{p}(\theta)=-x(\theta)\sin\theta+y(\theta)\cos\theta$ . (2.2.2)
It is obvious that $\dot{p}(\theta)$ is continuous, which means that $\dot{p}\in C’$ $(T)$ . By




It implies that $p+\ddot{p}$ is a Radon measure. Put
$T(\theta)=(\begin{array}{ll}cos\theta -sin\thetasin\theta cos\theta\end{array})$





Hence, the parametric representation of $\Lambda$ takes the form:
$\{_{y=y(\theta)=p(\theta)\sin\theta+\dot{p}(\theta)\cos\theta}^{x=x(\theta)=p(\theta)\cos\theta-\dot{p}(\theta)\sin\theta},$ $\theta\in(0,2\pi)$ .




Before to consider the curves of constant angle $c\alpha$ of non-convex of
double type, we need to use the following notations :
$\{$ $c_{1}c_{2}=c_{2}^{1}(\subseteq\alpha’=c(Ct)_{=\cos\alpha}^{=\sin\alpha},$ $\{\begin{array}{l}\tilde{c}_{1}=\tilde{c}_{J}(c\iota’)=sin\frac{\alpha}{\underline{\supset}}\tilde{c}_{2}=\tilde{c}_{2}(c\iota’)=cos\frac{\alpha}{2}\end{array}$
Here $\alpha$ is a given angle (which is constant) and $0<\alpha<\pi$ . Let $I_{\alpha}$ and $J_{\alpha}$
be open intervals defined by
$I_{\alpha}=(-\Omega_{\alpha}, \Omega_{\alpha})’$.
where $\Omega_{\alpha}=\min(\tilde{c}_{1},\tilde{c}_{2})$ , and
$J_{\alpha}=\{\begin{array}{l}(0,c_{1})(-c_{2)}1))\end{array}$ $if\frac{\pi}{2}\underline{<}\alpha^{\underline{<_{<}}\frac{\pi}{2_{/7}}}if0<\alpha$
)
the characteristic function $\chi_{\alpha}$ is as follows:
$\chi_{\alpha}(t)=c_{1}\sqrt{1-t^{2}}-c_{2}t$ , $t\in J_{\alpha}$ . (2.2.5)
Then $\chi_{\alpha}$ maps $J_{\alpha}$ onto $J_{\alpha}$ and is strictly monotone decreasing.
Let $\xi,$ $\eta\in J_{\alpha}$ , such that $\eta=\chi_{\alpha}(\xi)$ , then we get the characteristic
ellipse as
$\xi^{2}+\eta^{2}+2c_{2}\xi\eta=c_{1}^{2}$
whose graph is the thick line parts of Figure [2.1].
Theorem 2.2.1. For a pair of continuous functions $p(\theta)=(p_{1},p_{2})$
of $\theta$ to be the gererator of a curve of constant angle of double type, it is
necessary and sufficient that
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(a) $p_{j}(\theta)$ , $(j=1,2)$ is a C’-function with period $2\pi$ ;
(b) $\{_{p^{j}(\theta)+\dot{p}^{\alpha_{j}}(\theta)^{;}}^{p_{j}(\theta)_{2}\in J,\forall\theta_{2}}<1$ ; [differential inequality]
(c) $p_{2}(\theta+\pi-\alpha)=\chi_{\alpha}(p_{1}(\theta))$ ; [functional equation]
(d) $p_{j}+\ddot{p}_{j}\in M(T)$ .
Let $p=(p_{1},p_{2})$ be a pair of generators of admissible curves, $\alpha$ be








Definition 2.2.2. We denote by $\wp_{\alpha}^{double}$ , the totality of pairs $p=$
$(p_{1},p_{2})$ , where $p_{1},p_{2}$ satisfy the four conditions in Theorem 2.2.1. Then $p$
is called the generator of curves of constant angle $\alpha$ of general double type.
Definition 2.2.3. We denote by $\wp_{\alpha^{sy?nmetric}}double$ the totality of pairs $p=$
$(p_{1},p_{2})$ such that both $p$ and $\check{p}=(p_{2},p_{1})$ are in $\wp_{\alpha}^{double}$ . Then $p$ is called the
generator of curves of constant angle $\alpha$ of symmetric double type.
Definition 2.2.4. ]$/Ve$ denote by $\wp_{\alpha}^{twin}$ , the totality of pairs $p=(p_{1},p_{2})$
satisfying $p_{2}(\theta)\equiv p_{1}(\theta+\pi)$ . Then $p$ is called the generator of curves of
constant angle $\alpha$ of twin type.
Definition 2.2.5. VVe denote by $\wp_{\alpha}^{si\tau\iota gle}$ , the totality of pairs $p=$
$(p_{1},p_{2})$ satisfying $p_{1}(\theta)\equiv p_{2}(\theta)$ . Then $p$ is called the generator of curves of
constant angle $\alpha$ of single type.
5
29
In view of these definitions, we obtain the inclusion relations among
them as follows:
$\wp_{\alpha}^{sing1e}\subseteq\wp_{\alpha}^{twin}\subseteq\wp_{\alpha}^{symmetric}do\tau\iota ble\subseteq\wp_{\alpha}^{double}$
Lemma 2.2.6. Let $p\in\wp_{\alpha}^{symmetric}double$ then both $2\pi$ and $2\alpha$ are periods
of $p_{1}$ and $p_{2}$ .
Theorem 2.2.7. $\alpha$ be given, let $\alpha/\pi\in Q$ , and $p\in\wp_{\alpha}^{symmetric}double$ then
the curves $\Lambda_{j}$ $(j=1,2)$ are concentric circles with $C$ .
Remark 2.2.8. Let $(p_{1},p_{2})$ be a generator of general double type, one
of components can be chosen rather arbitrarily. More precisely, for instance,
if $p_{1}$ satisfies the conditions: $p_{1}(\theta)\in J_{\alpha},p_{1}(\theta)^{2}+\dot{p}_{1}(\theta)^{2}<1$ , and $p_{1}\in 1\mathcal{V}I(T)$ ,
then we can define $p_{2}(\theta)$ by the formula $p_{2}(\theta)=\chi_{\alpha}(p_{1}(\theta-\pi+\alpha))$ . Then
we get $p=(p_{1},p_{2})\in\wp_{\alpha}^{double}$
\S 2.3. The modffied characteristic function $\tilde{\chi}_{\alpha}$
The modified characteristic function $\tilde{\chi}_{\alpha}$ is defined by the formula
$\tilde{\chi}_{\alpha}(s)=\tilde{c}_{1}\sqrt{1-s^{2}}-\tilde{c}_{2}s$ , $s\in I_{\alpha}$ or $s\in J_{\alpha}$ (2.3.1)
$\tilde{\chi}_{\alpha}$ maps $J_{\alpha}$ onto $I_{\alpha}$ , and is strictly monotone decreasing.
Let $p_{j}\in J_{\alpha},$ $w_{j}\in I_{\alpha},$ $(j=1,2)$ , such that $w_{j}=\tilde{\chi}_{\alpha}(p_{j})$ , then we get
the ellipse equation as
$p_{j}^{2}+w_{j}^{2}+2\tilde{c}_{2}p_{j}w_{j}=\tilde{c}_{1}^{2}$
whose graph is the thick line part of Figure [2.2],
To exploit the linearization effect $of_{/}\tilde{\chi}_{\alpha}$ , it is convenient to introduce
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the space $W_{\alpha}$ of functions of the double type defined by
$W_{\alpha}^{double}=\tilde{\chi}_{\alpha}(\wp_{\alpha}^{double})$ .
The precise meaning of this definition is
$W_{\alpha}^{double}=\{w=(w_{1}, w_{2});w_{j}=\tilde{\chi}_{\alpha}(p_{j}), j=1,2, p=(p_{1},p_{2})\in\wp_{\alpha}^{double}\}$.
Since
$p_{2}(\theta+\pi-\alpha)=\chi_{\alpha}(p_{1})$ , [non linear relation in $p_{1}$ and $p_{2}$ ]
We get,
$w_{2}(\theta+\pi-\alpha)=-w_{1}(\theta)$ . [linear relation in $w_{1}$ and $w_{2}$ ]
This simplifies much calculations especially when we try to obtain ex-
tremal values of the oriented length $Lb$] and the oriented area $A[\rho]$ .
\S 2.4. Duality relation and its linearization
Let $(A_{1}, \Lambda_{2})$ be admissible curves inside $C$ , and $\theta$ be given. For every
point $P$ on the director circle $C$ , there exists a unique pair of values $(\theta_{1}, \theta_{2})$ ,
such that $P$ is the target point of $l_{\theta_{1}}$ , which is called the generalized tan-
gent line incoming to $P$ , and $P$ is the source point of $l_{\theta_{2}}$ , which is called
generalized tangent line outgoing from $P$ .
The two edge lines $l_{\theta_{1})}l_{\theta_{2}}$ of the sector intersect with $C$ at points $S$
and $T$ , respectively. Consider the point $P’$ antipodal to $P$ , i.e. the other
end of the diameter of $C$ passing $P$ . Put $\hat{\alpha}=\pi-\alpha$ . Then the angle $SP’T$
is equal to $\hat{\alpha}$ . Now let $P$ move around on the circle $C$ , then $P’$ also moves
arou.nd on $C$ . We obtain the new sector of the angle $\hat{\alpha}$ with vertex $P’$ and
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with the edge lines passing through points $S$ and $T$ respectively.(See the
Figure [2.3]).
Definition 2.4.1. Let $(A_{1}, \Lambda_{2})$ be a pair of admissible curves inside
$C$ . For every point $P\in C’$ , let $l_{1}(P)$ be the incoming generalizcd tangent
line to $A_{1},$ $l_{2}(P)$ be $tl\perp e$ outgoing generalized tangent line to $\Lambda_{2}$ . $\alpha$ be an
angle $0<\alpha<\pi$ , suppose that $l_{1}(P)$ and $l_{2}(P)$ span the angle $\alpha$ for all
$P\in C^{l}$ . Then we call the pair $(A_{1}, \Lambda_{2})$ a curve of constant angle $\alpha$ of double
type. Denote by $X_{\alpha}^{clo\tau\iota ble}$ be the totality of those curves. With the notation
$a=\pi-\alpha$ , and for $(p_{1},p_{2})\in\wp_{\alpha}^{clo\iota\iota)1ir}$ , we denote the duality mapping $by\wedge$ ,
$\wedge:\wp_{C\iota}^{double}\ni(p_{1)}\oint)_{2})(\hat{p}_{1},\hat{p}_{2})\in\wp_{\hat{\alpha}}^{double}$ ,
with the following properties:
(i) $\hat{p}=(\hat{p}_{1},\hat{p}_{2})$ is given by the formulas:
$\{\hat{p}_{1}(\theta)=\hat{p}_{2}(\theta)=\sqrt{1-p_{2}(\theta-\frac{\pi}{})^{2}}\sqrt{1-p_{1}(\theta+\frac{\pi 2}{2})^{2}}$ (2.4.1)
(ii) $\wedge is$ a bijective mapping such that $\wedge is$ the identity on $\wp_{\alpha}^{doub1e}$ , i.e.
$\hat{\hat{p}}=p$ .
The pair of curves A $=(\hat{\Lambda}_{1},\hat{\Lambda}_{2})(\hat{\Lambda}_{j}$ being the curve defined by gener-
ator $\hat{p}j$ ) would be the dual of $\Lambda$ . Schematically,
$\wedge:X_{\alpha}^{double}\ni(\Lambda_{1}, \Lambda_{2})(\hat{\Lambda}_{1},\hat{\Lambda}_{2})\in X_{\hat{\alpha}}^{double}$
Remark 2.4.2. The bijectivity of duality mapping can be stated
schematically
$\wedge:W_{\alpha}^{double}\ni(w_{1}, w_{2})(\hat{w}_{1},\hat{w}_{2})\in W_{\hat{\alpha}}^{double}$
Now we state the duality relation in the linearized form.




And $c\hat{\hat{v}}_{j}=tt)_{j}$ $(j=1,2)$ .
Summarizing the arguments above on the linearization effect $0\dot{f}\tilde{\chi}_{\alpha}$ on
the relations of generators involving $\chi_{\alpha}$ , we give a scheme with $p_{j}(\theta)\in J_{\alpha}$ ,






Noting that for $J_{\alpha}=(0, \sin\alpha)$ , we have $J_{\hat{\alpha}}=(-\cos\hat{\alpha}, 1)=(\cos\alpha, 1)$ . It
implies that $J_{\hat{\alpha}}$ is different from $J_{\alpha}$ in general. However, we have always
$I_{\hat{\alpha}}=I_{\alpha}$ , because $\Omega_{\alpha}=1VIin(\cos\frac{\alpha}{2}, \sin\frac{\alpha}{2})=\mathbb{J}/[in()$ ’ therefore
$(-\Omega_{\alpha}, \Omega_{\alpha})=(-\Omega_{\hat{\alpha}}, \Omega_{\hat{\alpha}})$ .
\S 3. The oriented length and the oriented area
Our main purpose of this chapter is to introduce structural properties
of the oriented length $L[\rho]$ of the generators $p$ of the admissible curves
of double type. We shall obtain the concrete extremal values of them. In
section 3.3 easy calculators show the oriented length $L[ \int\hat{J}]$ of the dual curves.
A similar argument applies to the oriented area $A[\rho]$ of the generators of the
admissible curves of double type which will be treated in separate sections.
\S 3.1. The orientated length
In section 2.2, we have discussed the admissible curves $\Lambda$ with generator
$p\in C(T),then$ by the formula (2.2.3)
$p+\ddot{p}=-\dot{x}\sin\theta+\dot{y}\cos\theta$
we see $<(\dot{x}(\theta),\dot{y}(\theta)),\tilde{e}>=\pm|(\dot{x}(\theta),\dot{y}(\theta))|$ , if $x(\theta),$ $y(\theta)$ are differentiable.
On the other hand, we have already defined the non-oriented length
of admissible curves in section 2.1. For a given rectifiable curve $\Lambda$ , the




However, for generator $p\in C^{\prime_{1}}(T)$ , these observations give us that for $x,$ $y\in$
$C(T),then$ heuristically assuming the differentiability of $x(\theta),$ $y(\theta))\cdot we$ get
$\pm\sqrt{x(\theta)^{2}+y(\theta)^{2}}=p(\theta)+\ddot{p}(\theta)$ ,
$ds=\sqrt{x(\theta)+y(\theta)^{2}}d\theta=\pm(p(\theta)+\ddot{p}(\theta))d\theta$ . (3.1.1)
Thus, we define the oriented length of $\Lambda$ by the following formula




Definition 3.1.1. For an admissible curve $\Lambda$ with generator $p=$
$(p_{1},p_{2})\in\wp_{\alpha}^{double}$ , the oriented length $L[\rho]$ is defined by:
$L[ \rho]^{d}=^{ef}\frac{1}{2}(L[\rho_{1}]+L[\rho_{2}])$ .
\S 3.2. Extremal values of $L[\rho]$
In this section, we intend to discuss the concrete extremal values of
$L[\rho]$ . The idea is to apply the linearization to the relation of generator
involving $\tilde{\chi}_{\alpha}$ which is given in section 2.3.
For $p=(p_{1},p_{2})\in\wp_{\alpha}^{double})$ we have
$p_{2}(\theta+\pi-\alpha)=\chi_{\alpha}(p_{1}(\theta))$ .
By the definition of $W_{\alpha}^{double}$ , for $(w_{1}, w_{2})\in W_{\alpha}^{double}$ , we have










Now we review that if $f(\theta)$ is a function with period $2\pi$ , then
$\int_{0}^{2\pi}f(\theta+\beta)d\theta=\int_{0}^{2\pi}f(\theta)d\theta$ .
Since $p_{2}(\theta)$ has $2\pi$ as a period and Lebesgue measure $d\theta$ is translation in




Then we have following:
Theorem 3.2.1. For an admissible curve $\Lambda$ with generator $p=$






Obviously, the maximum of the right-hand side of the quantity (3.2.1)
is attained if we take $w_{1}=0$ , that is,
$\max_{p\in\wp_{\alpha}^{double}}=2\pi\tilde{c}_{1}$
.
However, to minimize this quantity (4.2.1) is delicated, since $w_{1}\in I_{\alpha}=$
$(-\Omega_{\alpha}, \Omega_{\alpha})$ , where $\Omega_{\alpha}=1VIin(\tilde{c}_{1}(\alpha))\tilde{c}_{2}(\alpha))$ , therefore we need to separate
two cases.
Case 1. If $0< \alpha\leq\frac{\pi}{2}$ ; then $\tilde{c}_{2}\geq\tilde{c}_{1}$ . So $\Omega_{\alpha}=\tilde{c}_{1}(\alpha)$ . Letting











\S 3.3. Relations between the oriented length $L\beta$)] and $L\beta_{J}^{\wedge}$]
It is interesting to compare $L[\rho]$ and that of the dual curve $L[ \int\hat{J}]$ . Now
we give their relations in the following.




\S 3.4. The oriented area
Let $T=R/2\pi Z,p$ be a generator of admissible curve, $p\in C^{1}$ and $\dot{p}$ be
bounded variation. By Leibniz formula we have
$(p_{1}\dot{p}_{1})=\dot{p};+p\ddot{p}_{1}$ . (3.4.1)
Consider the formula $p_{1}(p_{1}+\ddot{p}_{1})$ , by (3.4.1) we get
$p_{1}(p_{1}+\ddot{p}_{1})=p_{1}^{2}+p_{1}\ddot{p}_{1}=p_{1}^{2}-\dot{p}_{1}^{2}+(p_{1}\dot{p}_{1})$





Definition 3.4.1. For an admissible curve $\Lambda$ with generator $p=$
$(p_{1},p_{2})\in\wp_{\alpha}^{double})$ the oriented area $A[\rho]$ is defined by
$A[ \rho]^{d}=^{ef}\frac{1}{2}(A[\rho_{1}]+A[\rho_{2}])$ .
Thus, the oriented area $A[\rho]$ is given by the formula
$A[ \rho]=\frac{1}{4}\int_{0}^{2\pi}(p_{1}^{2}+p_{-}^{2},-\dot{p}_{1}^{2}-\dot{p}_{2}^{2})d\theta$ . (3.4.2)
\S 3.5. Extramal values of the oriented area
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To maximize the functional $A[\rho]$ described as formula (3.4.2), we use
Fourier series expansion in the Hilbert space $H=L^{2}[0,2\pi]$ or the same
thing $L^{2}(T)$ . Since
$e_{0}= \frac{1}{\sqrt{2\pi}},$ $\cdots,$ $e_{2k+1}= \frac{1}{\sqrt{\pi}}\cos k\theta,$ $e_{2k+2}= \frac{1}{\sqrt{\pi}}\sin k\theta$ , $k=1,2,$ $\cdots$
constitute a complete orthonomal system in $L^{2}(T)$ , every element $f$ of $H$
can be expanded as a strongly converging series
$f=a_{0}+ \sum_{k=1}^{\infty}(\iota_{k}\cos k\theta+b_{k}\sin k\theta$
and
$f= \sum_{k=1}^{\infty}c_{k}e_{k}$ ,
( $<,$ $>indicates$ the inner product).
And the Parseval equality gives
$\Vert f\Vert^{2}=\sum_{k=0}^{\infty}|c_{k}|^{2}$
Applying this to the generator $p_{1}$ , we have




In the space $D’$ we can differentiate both sides term by term, thus we get
$\dot{p}_{1}(\theta)=\sum_{k=1}^{\infty}-ka_{k}^{(1)}\sin k\theta+kb_{k}^{(1)}\cos k\theta$ . (3.5.2)
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Since $\dot{p}_{1}\in H$ , this expansion coincides the usual Fourier series expansion in
$H$ because the topology of $D’$ is weaker than that of H. Thus, according




$= \frac{1}{2}(\Vert p_{1}\Vert^{2}-\Vert p_{1}\Vert^{2})$
$= \frac{1}{2}\{2\pi a_{0}^{(1)^{2}}+\pi\sum_{k=1}^{\infty}(1-k^{2})a_{k}^{(1)^{2}}+b_{k}^{(1)^{2}}\}$ .
Since the length of the curve with generator $p_{1}(\theta)$ is




So we obtain the following formula
A $[ \rho]=\frac{1}{2}$ (A $[\rho_{1}]+A[\rho_{2}]$ ) $\leq\frac{1}{8\pi}\{L[\rho_{1}]^{2}+L[\rho_{2}]^{2}\}$ . (3.5.3)
Here the equality holds, if and only if $A_{1},$ $\Lambda_{2}$ are concentric circles with $C$ ,
according to the following
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Lemma 3.5.1. Let $\Lambda_{1},$ $\Lambda_{2}$ be circles in $C,$ $x\in\Lambda_{1},$ $y\in\Lambda_{2},$ $(p_{1},p_{2})$ be
generators of curves of constant angle. Then $A_{1},$ $\Lambda_{2},$ $C$ are concentric circles.
Let $p_{1}(\theta)=d_{1},p_{2}(\theta)=d_{2}$ , and $d_{1)}d_{2}$ be constants such that $d_{2}=$
$\chi_{\alpha}(d_{1}).Then$ by the formula (3.5.3), we have
$A[ \rho]\leq\frac{1}{8\pi}\{(2\pi d_{1})^{2}+(2\pi d_{2})^{2}\}$
$= \frac{1}{2}[)\tau d_{1}^{2}+\pi d_{2}^{2}]$
$= \frac{\pi}{2}(d_{1}^{2}+d_{2}^{2})$ .
Thus the problem to maximize $A[\rho]$ is reduced to the choice of constants
$d_{1},$ $d_{2}$ . Since $d_{2}=\chi_{\alpha}(d_{1})=c_{1}\sqrt{1-d_{1}^{2}}-c_{2}d_{1}$ , we have
$d_{1}^{2}+d_{2}^{2}=c_{1}^{2}-2c_{2}d_{1}d_{2}$ .
Now we treat the problem in three different cases.
Case 1. $\alpha=\frac{\pi}{2}$ Then $c_{2}=0$ , $d_{1}^{2}+d_{2}^{2}=c_{1}^{2}$ Thus $A[ p]\leq\frac{\pi}{2}c_{1}^{2}$ .
This $\frac{\pi}{2}c_{1}^{2}$ is the maximum value of $A[\rho]$ in this case.
Case 2. $\frac{\pi}{2}<\alpha<\pi$ . Then $c_{2}\leq 0$ . In this case the diameter of
the ellipse $d_{1}^{2}+d_{2}^{2}=c_{1}^{2}+(-2c_{2})d_{1}d_{2}$ is on the diagonal line in $(d_{1}, d_{2})$ -
plane. To maximize $d_{1}^{2}+d_{2}^{2}$ , it is the same to maximize $d_{1}d_{2}$ . Now
consider the family of hyperbolas $d_{1}d_{2}=c$ (c:parameter). On the ellipse
$d_{1}^{2}+d_{2}^{2}=c_{1}^{2}+(-2c_{2})d_{1}d_{2}$ , the value $c$ attains its maximum on the edge
point of the diameter which lies on the diagonal $d_{1}=d_{2}$ . Thus $A[\rho]$ attains
the maximum at $d_{1}=d_{2}=\tilde{c}_{1}$ . And
$\max_{p\in\wp_{\alpha}^{doublc}}A[\rho]=\pi\tilde{c}_{1}^{2}$
.
Case 3. $0< \alpha<\frac{\pi}{2}$ Then $c_{2}>0$ . Thus to maximize $d_{1}^{2}+d_{2}^{2}=$
$c_{1}^{2}-2c_{2}d_{1}d_{2}$ , we minimize $d_{1}d_{2}$ . Now consider the family of hyperbolas
$d_{1}d_{2}=c$ ( $c$ :parameter). To minimize $d_{1}d_{2}$ on the ellipse, hyperbolas
$d_{1}d_{2}=c$ should, $i_{\backslash }n$ the limit, passes through the two points on the axes in
the.first quadrant. Therefore $A[\rho]$ does not attain the maximum. But its
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supremum value is attained as the limit when $(d_{1}, d_{2})arrow(0, c_{1})orarrow(c_{1},0)$ .
And
$\sup_{p\in\wp_{\alpha}^{double}}A[\rho]=\frac{\pi}{2}c_{1}^{2}$ .
Now we treat the problem of minimizing $A[\rho]$ . For that purpose we







$= \{\tilde{c}_{1}w_{j}+\tilde{c}_{2}\sqrt{1-w_{j^{2}}}\}^{2}\frac{\dot{w}_{j}^{2}}{1-w_{j^{2}}}$ . (3.5.5)
Since
$p_{2}(\theta+\pi-\alpha)=\chi_{\alpha}(p_{1})$ ,
the linearization effect $of_{/}\tilde{\iota’}_{\alpha}$ gives
$rv_{2}(\theta+\pi-\alpha)=-w_{1}(\theta)$ .




since the Lebesgue measure $d\theta$ is translation invariant and $p_{2}$ has $2\pi$ as a
period.









$A[ \rho]=\frac{1}{2}\int_{0}^{2\pi}[\tilde{c}_{1}^{2}-(\tilde{c}_{1}^{2}-\tilde{c}_{2}^{2})w^{2}]-[\tilde{c}_{2}^{2}+(\tilde{c}_{1}^{2}-\tilde{c}_{2}^{2})w^{2}]\frac{\dot{w}^{2}}{1-w^{2}}d\theta$ . (3.5.7)
To minimize this qualltity, we need the following
Lemma 3.5.2. (Explicit construction of extremizing sequence) Con-
sider a functional of the form
$\Phi[w]=\frac{1}{2}\int_{0}^{2\pi}F_{1}(w)-F_{2}(w)\frac{\dot{w}^{2}}{1-ru^{2}}d\theta$
on the function space $W_{\alpha}=\{\tilde{\chi}_{\alpha}(p_{1}(\theta)))(p_{1},p_{2})\in\wp_{\alpha}^{double}\})$ where $F_{1},$ $F_{2}$ are




Then, we have the results.
do
$uble(1)$ If $p=(p_{1},p_{2})\in\wp_{\alpha^{sy?nmetric}}double$ and $\alpha/\pi\not\in Q$ , then the elements of
$\wp_{\alpha}^{sy?nmetric}$ are all constant functions. Thus the same holds for all $w\in W_{\alpha}$ .
Therefore $\frac{\dot{w}^{2}}{1-w^{2}}=0$ and the function $\Phi[w]$ takes the form
$\Phi[w]=\Phi[c]=\frac{1}{2}\int_{0}^{2\pi}F_{1}(c)d\theta=2\pi F_{1}(c)$ ,
where $c$ is a suitable constant.
do
$uble(2)$ Except the case (1), namely in the case that $p=(p_{1},p_{2})\not\in$
$\wp_{\alpha}^{symmetric}$ or $\alpha/\pi\in Q$ , we can explicitly construct a sequence of functions
$w_{k}\in W_{\alpha}$ , $(k=1,2,3, \cdots)$ such that
(i) For every constant $c\in\overline{I}_{\alpha}=[-\Omega_{\alpha}, \Omega_{\alpha}],$ $w_{k}arrow c$ , uniformly, (as
$karrow\infty)$ .
(ii) $\frac{\dot{w}(\theta)^{2}}{1-w(\theta)^{2}}arrow 1$ , almost everywhere in $[0,2\pi]$ , (as $karrow\infty$ ).
To minimize the quantity given by the right hand side of (3.5.7), we
firstly assume that the condition (2) of the above lemma be fulfiled, then
we need to separate two cases.
Case 1. If $\frac{\pi}{2}\leq\alpha<\pi$ . Then $\tilde{c}_{1}\geq\tilde{c}_{2}$ . Taking the inequality
$0 \leq\frac{\dot{w}^{2}}{1-w^{2}}<1$ into account, we get that
$A[ \rho]>\frac{1}{2}\int_{0}^{2\pi}(\tilde{c}_{1}^{2^{9}}-\tilde{c}_{2}^{\sim})(1-2\tau 0^{2})d\theta$ .





However, if we take an extremalizing sequence $\iota u_{k}$ such that $ru_{k}(\theta)arrow\Omega_{\alpha}$
uniformly, we get the result
$\inf_{p\in\wp_{\alpha}^{double}}A[p]=\pi c_{2}^{2}$
Case 2. If $0< \alpha\leq\frac{\pi}{2}$ Then $\tilde{c}_{2}\geq\tilde{c}_{1}$ . $W/e$ rewrite (3.5.7) for $A[p]$ in
the form
$A[ \rho]=\frac{1}{2}\int_{0}^{2\pi}[\tilde{c}_{1}^{2}+(\tilde{c}_{2}^{2}-\tilde{c}_{1}^{2})w^{2}]+(\tilde{c}_{2}^{2}-\tilde{c}_{1}^{2})w^{2}\frac{\dot{w}^{2}}{1-w^{2}}-\tilde{c}_{2}^{2}\frac{\dot{w}^{2}}{1-w^{2}}d\theta$ .
Now it is clear that this quantity tends to its infimum, when we employ an
extremizing sequence $w_{k}$ such that $w_{k}(\theta)arrow 0$ uniformly as $karrow\infty$ . Thus
we get the result
$\inf_{p\in\wp_{\alpha}^{double}}A[\rho]=\frac{1}{2}\int_{0}^{2\pi}(\tilde{c}_{1}^{2}-\tilde{c}_{2}^{2})d\theta=-\pi c_{2}$ .
Secondly, we assume that the condition (1) of the above lemma is











Case $2’$ . If $0< \alpha\leq\frac{\pi}{2}$ Then putting $d=0$ , we get
$\min_{P\in\wp_{\alpha}^{double}}A[\rho]=\pi\tilde{c}_{1}^{2}$
.
Thus, the minimizing arguments of $A[\rho]$ are completed.
\S 3.6. Relations between the area $A[ \int J]$ and the area $A[\hat{\rho}]$
We may suppose without loss of generality $\frac{\pi}{2}\leq\alpha<\pi$ . This condition
is convenient for discussions, since $A[\rho]>0$ , if $p\in\wp_{\alpha}^{double}$ . Then $\hat{p}\in$
$\wp_{\hat{\alpha}}^{dou\text{\’{o}} le},\hat{\alpha}=\pi-\alpha,$ $0< \hat{\alpha}\leq\frac{\pi}{2}$ We have
$A[ \hat{\rho}]=\frac{1}{2}\int_{0}^{2\pi}[\tilde{c}_{2}^{2}-(\tilde{c}_{2}^{2}-\tilde{c}_{1}^{2})w^{2}]-[\tilde{c}_{1}^{2}+(\tilde{c}_{2}^{2}-\tilde{c}_{1}^{2})’\iota 0^{2}]\frac{\dot{w}^{2}}{1-w^{2}}d\theta$. (3.6.1)
Comparing $A[\rho]$ and $A[\hat{\rho}]$ , we get the result,
Theorem 3.6.1. If $\alpha\in Q$ , then for $\forall m\in R,$ $m>0$ , we have
$\frac{|A[\hat{\rho}]|^{m}}{|A[\rho]|^{m}}=not$ constant.

















If $\alpha\in Q$ , by using the Lemma 3.5.2, we can obtain the concrete ex-
tremal values of $A[\rho]-A[\hat{p}]$ .
If we take an extremalizing sequence $w_{k}$ such that $w_{k}(\theta)arrow 0$ , uni-
formly, as $karrow\infty$ , and taking the inequality $0 \leq\frac{\dot{w}^{2}}{1-w^{2}}<1$ into account,





However, if we take an extremalizing sequence $rv_{k}$ such that $w_{k}(\theta)arrow$
$\Omega_{\alpha}$ , uniformly, as $karrow\infty$ . Since $\frac{\pi}{2}\leq\alpha<\pi$ , then $\tilde{c}_{1}\geq\tilde{c}_{2},$ $\Omega_{\alpha}^{2}=$








$\inf_{p\in\wp_{\alpha}^{do\tau\iota b1e}}(A[\rho]-A[\hat{\rho}])=\pi c_{2}^{2}(\alpha)$ .
symmetricdoubleRemark 3.6.2. Assume that $p=(p_{1},p_{2})\in\wp_{\alpha}$ , and $\alpha/\pi\not\in Q$ .
In this case, the condition (2) of Lemma 3.5.2 is fulfiled. Then putting
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